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Lecture One
Chapter One
Revision and Basic Concepts

1- Intervals

Definition: If a and b are real numbers, we define the intervals as
follows:

1- Openintervals (a,b) = {x € R,a < x < b}.

2- Closed intervals [a,b] = {x € R,a < x < b}.

3- Half-Open intervals [a,b) = {x € R,a < x < b}.

4- Half-Closed intervals (a,b] = {x € R,a < x < b}.

5- [a,0) ={x ER,a < x < o},

6- (—oo,b] ={x ER,—0 < x < b}.

7- (—0,0) =R={x €R,—00 < x < 0},

2- Inequalities

Rules of inequalities

1-fa—-b>0 < a>b or b<a Va,b € R.
2-f a>b>b and b>c them a>c Va,b,c € R.

3-f a>b then atc>b+tc Va,b,c € R.

a-c>b-c ifc>0

4-1fa>b then .= _ . . ifc<O

VYa,b,c € R.




Solution set of inequalities

The solution set of an inequality consists of the set real numbers for which
the inequality is true state ment if two inequalities have the same solution set,

they are said to be equivalent.
Example 1:- Find the solution set of the following inequalities.
1-3x -8 < x—2
Solve:
3x—-8<x—-2 =3x-8+8<x—-2+8
= 3x<x+6
=3 x—x<x—x+6

= 2x<6

Ao A
ﬁ . — R—
'y 2

= x<3

= S5S={x€R,—0 < x<3}=(—0x,3).

2x-3
x+2

1

<= ,XF -2
3

Solve:

fx+2>0 =32x—-3)<x+2

= 6x—9<x+2




= 5x <11

= <11
x JES—
5

11 11
=>S={xE]R,x<? and x>—2}=(—2,?).

Fx+2<0 =32x-3)>x+2
= 6x—9>x+2

= 5x > 11

= >11
x JES—
5

11
=>S={xE]R%,x>? and x<—2}=(2).

3- x2—3x+2<0. HW.

4 x(x+2)<24. HW.

3- Absolute Value

Definition:- The absolute value of real number a is defined as:

|“|={—Z ii)): :fg}

Some Properties of Absolute Value

1- x| <a © —-a<x<a Va € R

2-|x| >a < x>a or x<-a Va€eR




3- |a + b| < |al + |b] Va,b € R

4- |a- b| = |a| - |b| Va,b € R
al _ lal

5- ol = b Va,b € R

6- |a—b| = |b— a Va,b € R

7- la| = Va2

Example:- |3x — 2| < 10
Solve:
I3x —2| <10 = -10<3x—-2<10

= -8<3x<12

8
=>—§<x<4

— ;!
wsefren < oeca]=(Ra)
v 3 o 3
Example:- [4 + 2x| > x + 1

Solve:
4+2x|=>2x+1 = 4+2x=>2x+1 or 4+2x<—-(x+1)
-5

—x=>-3 or xS?

= S={x€ER, x2—3}u{xelR{, xs_—}=]R§.




(=)}
1

Ix(x + 1)| < |x + 4|

Lecture Two

4- The Functions
Definition:- A relation between two set A and B, f:A —» B is called a
function if and only if for each element x € A their exist unique element

y € B such that y = f(x).

Notes

I-(xy)ef = y=f.

2- The set A is called the domain D .

3- The set B is called the co-domain.

4- The set of all element of B such that y = f(x) is called the range and

represented Ry




Example:- Find the Domain and the Range for each functions

1-y=x> = Domain=R, Range=R
2-y=x+3 = Domain=R, Range=R
3-y=vx—4
> x—-4>20>x-44+4>20+4—>x=>4
Thean={x:x24-}, Rf={yy20}

4.y = X3
-y_x+2

=x+2=0=x=-2= D = R/{-2}
Syx+2)=x—-3=>yx+2y=x-3
= yx—x=-3-2y=x(y—1)=-3-2y

-3-2
N e
y—1

=y—-1=0=y=1= Ry =R/{1}

®




H.W.

Find the Domain and the Range for the functions

1- y_x—Z
1
z'f(x)z\/m

Some types of Function

Definition 1:- Absolute Value Function is define by

X if xZO}
-x if x<0)

f@ = 1xl =

Definition 2:- A function is called even function if f(—x) = f(x).

Definition 3:- A function is called odd function if f(—x) = —f(x) # f(x).

Definition 4:- A function is called constant functionif f(x) = a, , Va € R.

Definition 5:- A function is called linear function if f(x) = a;x + a¢ ,Va € R.

Definition 6:- A function subjective f(x): X — Y, we define the invers function

such that x = f~1(y):Y - X.




F(Fiom)=x D;1 =Ry Dy =R

f

o Y

|
f—l
Example:- y = f(x) = x3 Find invers function and Di-1,Rp-1
Solve:

y=x*=x=3y=f1y)

Df—l == ]:R-I-, Rf—l == R.

Composite of Function

Definition:- If we have the two functions f(x),g(x) then we define a

composite function as

z=f(gx))=foglx) or z=g(f(x))=gef(x)

x—L vy % .z

Example:- f(x) =Vx, g(x) =x*Find fog(x) and g o f(x).




Solve:

fog(x)=f(g0)=f(x?) =Vxt=x
geof(x) =g(f(x) =g(Vx) = x

Example:- f(x) = x3 g(x) =2xFind fog(x) and go f(x)with x = 2.
Solve:
feog(x)=f(g(x)=f(2x) = (2x)* = 8x* = 64

gof(x)=g(f(x) =g@3 =2x3=16

H.W.

Find fog(x) and g-° f(x)

1- f(x) =x+1 g(x) = x2.
2- f(x) =x*—6x+2 g(x)=—2x.
3-f(x) =2x*+3 g(x) =4x3+1, with x=1.

Lecture Three

5- Properties of Exponential

For all numbers a, b the following rules are satisfies :

1- e?-eb = eth
e’ _ _a—b

2 ; =e

3- e %= L




6- Properties of Natural Logarithm In(x).

For any a, b > 0, then the following rules are satisfies :
1- In(ab) = In(a) + In(b)
2- In (%) = In(a) — In(b)

3- In(a)* = kln(a)
4- In(1) =0
5- Ine* =x

6- e"¥ =x

7- The Equation of a Straight line

1-Find the Slope of a Straight line

- Given a line (L) passing through the point (x4,y;) and (x,,y,) if (m) is

the slope then

Y2 — )1
X2 — X1

Ay
m = tan(0) =E=>m =

- Given an equation line (L) ax + by + ¢ = 0 then the slope




Note:

If m;{ and m, are slopes we said to be the two lines parallel if m; = m,,

and said to be the two lines orthogonal if m; x m, = —1.

2- Find the equation of a Straight line

- Equation of a straight line where slope = m and passing through the point

P(x1,y1)
Yy —y1=m(x—xq)
- Equation of a straight line passing through points (x1,y4), (x2,y2)

y—y1=y2—y1
X — X1 X2 — X1




sl 4 yilyi Aol gt diliol o auill iy
xm

2) xM*x™m =xtm
3) (x™)™ = x"m

4) (VD)™ = xn

Glociagleglll g iled
1) log,1=0
2) log,a=1

3) log, b™ =mlog, b
4)log,a™ =m
5) log,(b *c) =log, b +log,c
b
6) log, (Z) = log, b —log, c
1
7) log, (Z) = —log, b
8) logipa=1Ina

4) cot (g — x) = tanx

(AL )

1) sin(r — x) = sinx

2) cos(m—x) = —cosx
3)tan(m — x) = —tanx
4) cot(r — x) = —cotx
G g Y

1)sin(mr + x) = —sinx
2)cos(mw+ x) = —cosx

3)tan(m + x) = tanx
4) cot(m + x) = cotx

& &
9) et =x 1) sin(—x) = —sinx
2) cos(—x) = cosx
3)tan(—x) = —tanx
4) cot(—x) = — cotx
i ilell il Gailad Jizagli Jyds & 9020l axiiliioll auill
1- cos’x +sin’x=1 1) sin(a + b) = sinacosb +
2- 1+ tan?x = secx cosasinb
3- 1+ cot?x = cscx 2) sin(a — b) = sinacosb —
4- cos?x = %(1 + cos 2x) cosasinb
1 3) cos(a+ b) =cosacosb —

5- sin? x = - (1 — cos 2x) . .
2 sinasinb
4) cos(a— b) = cosacosb +
sinasinb

5) tan(a + b) _ tana+tanb

1-tanatanb
tana—tanb

1+tanatanb

6)tan(a — b) =




dagl3ll e liao] dailiipll cas sl i Jula gll olosi gang gia §595 < g0%0 Jusasi
i — 2¢j . . . -b
1) sin2a = 2sinacos a 1)sma+smb=23m$cosa7
4..:.43 . . a+tb . a-b
. . a a 2)sina—sinb = 2cos — sin —
sina = 2sin - cos - 2 2
2 2 3 + h=2 atb a-b
2) cos 2a = cos? a — sin? a ) cos a + cos b = 2cos o~ €0S —
. , b -b
4da g 4) cosa — cos b = -2 sin % sin aT
cos2a=1-2sin’a
cos2a =2cos’a—1
3-tan 2a = Ztanza
1-tan<a
a9l 3 Chall Adtal cadl)
1)sin - =+ /1_“’5“
N2 Gy Gloll il
a 1+cosa
= = n —1)x2
2)cos 3=+ )(1+x)" =142 200,
1! 2!
3) tangz + 1-cosa 2) (a'z_bz) = (a'_b)(a-l_b)
2 “A1+cosa

3) (a® + b?) = (a+i)(a—i)
4) (a3 — b3) = (a— b)(a? + ab + b?)
5) (a3 + b3) = (a + b)(a® — ab + b?




_ecture Four

Chapter Two
Theorem of Limit
1- Not the following Rules hold if

limf(x) =L and limg(x) =M
x—a xX—a
8 lim,,,c=c , where ceR
9- lim,_, f(x)c =clim,_,f(x)=cL , where c€ER.

10- lim, o (f(x) £ g(x)) = lim,,, f(x) £ lim,_,g(x) =L+ M.
11- lim,,(f(x) - g(x)) = lim,_, f(x) - lim,_, g(x) = L-M.

. @Y _limyqf(x) _ L
12- lim,_,, (g (x)) = iy n ) M’ where M + 0.

13- lim,_, [f(x)]"* = [lim,_, f(x)][*=L" , where ne€N.

Example:- Evaluate the following Limits.

_ [x4—x+ 1]3
1 —-1lim
x—0 x—1

Solve:

lim
x—-0

x“—x+1]3

_ x“—x+1]3
= |lim
x—1

x-0 x—1

x—0 x—0 x—0
limx — llm1

x—0

[llmx — limx + llmll lo 0+ 113
= = —1.




2 i x? — 25][x%* - 25
xl—lgrsl x+5 xX—5

Solve:

= lim
x—5

x* — 25 x2—251_ x* —25
x—5 xX+5 xl—l>151 x—5
(x—5)(x+5)

x—5

_ lxz — 25]
lim
x-5| x+5

25 — 25
"5+5 x—>5

_25-25

5+5)=0.
515 @5

VY2 +12 -4
3 —1lim Y

y—2 y—z

Solve:

SEriz-4  (WP+12-4)(Vy2+12+4)

lim = lim

o2 y—2 =2 (y-2)(VrE+12+4)
_ y*+12 - 16 y* — 4
= lim = lim
2y-2)(VyP+12+4) YE(y-2) (w/ 2112 +4)
i Y- PO+2) L Y2
»2y-2)(VyE+12+4) YE(Jyr+12+4)
4




4 — i t—4 HW
tl—glltz—t—lz T

 ox3+x+2
5— lim HW.
-1 x+1
Example:- If f(x) = x* — x then find lim,,_, f—(“hz_f(x)
Solve:

Sincef(x) =x*—-x, f(x+h)=x+h?*-(x+h) and

f(x+h)—f(x)zlim(x+h)2—(x+h)—(x2—x)

hl—>0 h h—-0 h
- x*+2hx+h*—x—h—x*+x __ 2hx+h*-h
= lim = lim
h—0 h h-0 h
h(2x+h—-1
= lim ( ) =lim(2x + h—-1)
h—-0 h h—-0

2x+0—-1=2x-1

2- Infinite Limits
Some times we need to know what happens to f(x) as x gets large and

positive (x — o) or large and negative (x > —) consider a function

flx) = )—1cwhat dose lim, _,, f(x),

f(x) gets close to 0, as x gets large and large, this is written

1 1
Ilim—=0 or lim —=0
x—oo X xXx—>—oo X




Example:- Find the following Limits if they exist

L x3+2x+1
xl—glo 3x3+1
Solve:
3y g g1 3 2x 1
xX° + 2x + 37,3 17,3
im = limZ% X X
x-o 3x3+1 x—oo  3x3 1
x3 +x3
1+12+ 13 1
. xX* X
= lim 1 §
X 3+
2 — i 4x — 2
— lim
x—o0 X2 + 3
Solve:
4 2 2z
. X — 4 x2 x2
m 3~ M3
xZ ' x2
¢ 2
2
x_>°°1+—2
X

3 — lim(x —x% + x)
X—00

Solve:

lim(x —x% +x) = chi_glo(x —Vx% + x) g : \;27:;

X— 00




L (RGP x)) —x
= lim li

= 1m
oo (x +Vx2 +x) O (x + Va2 + x)

X

_x _—

= lim = lim X
X200 (x + Vx2 + x) x_’°°(§_|_ x_2_|_£)
X x2  x2

i -1 -1 -1
= 11Im = ]
X—00 1+v1+0) 2
a+ 1+ )
] 9x — 1
4 — lim HW.
x-o | x+1
vVxt +x
5—1lim— HW
x-oo x+1
Notes
sin x
1—-1lim =1
x>0 X
1—cosx
2—lim————=90
x—0 X
tan x
3 —lim =1
x>0 X
sin ax
4 — lim =1

x>0 ax




|_ecture Five

3- Right and Left Limit

. X .
Example:- Is lim, % existatx =07?

Solve:
o x
1—-1lim—=1lim-=1lim(1)=1
x-0t X x-0t X  x-0*
o xl
2—lim—=1lim—-=lim(-1)=-1

x-0" X x-0" X x—0~

o dxl o x]
lim —# lim —
x-0t Xx x-0" X

Then Limit is not existat x = 0

Example:-
2x+1 x>1
f(x) =45 X =
7x2 -4 x<1
Solve:

1_,}1)13-f(x) =)}Lr{;r(2x+1) =,}1>1P+(2'1+1) =3
2—lim f(x) = lim(7x* -4)=1lim(7-1-4)=3
x—1" x—1~ x—1"
lim f(x) = lim f(x)

Then Limit is exist at x = 1, and equal 3.




4- Hopital Rule

Using the Limit Hopital Rule for Ralition function at Z or 2 such that

(00]

derivative

] ] x2-4
Example:- Find lim,_, —

x—2
Solve:
li i then
lmx_)z x—2 _ 0
2
X< —4 2x
lim =lim—=2:2=4

-2 x—2 -2 1

. . sinx—x
Example:- Find lim,_, —z

Solve:

. sinx-x __ 0

lim, o —— = then

. sinx—x __ ;. cosx-1 _ 0

llmx_,z Yz llmx_>2 2% 0 then
l' cosx—1 y —sinx 0 0
im—— = lim ===
x—2 2x x-2 2 2

Example:- Find the following Limits by using Limit Hopital Rule

Vitx-1-3
1—1lim 5
x—0 X

o




Solve:

] Vitx-1-2
llmx_,oTz = P then

-1

Vitx-1-% Da+nz -1
limx_,o% ES limx_,() (2) Zz 2 — % » then
-1 -3
Ga+nz-5  —(3)a+0z _q
lim Z 2 = lim & =
x—0 2x x—0 2 8
X —sinx
2 — lim~———
x-0 X
Solve:
. x—sinx __ 0
l“nxao—jg—‘-o , then
lim,o =5 = lim,_ "o =3, then
lim, o g™ = lim,_o 5 = 5, then
y sinx y cosx 1
*0 6x 10 6 6
3 — lim[sec x - tan x] HW.
xo5
o In(x+1) —2x

4 — lim HW.

x—0 _x2




5- Continuity

Definition: We said to be the functions Continuity at x if and only if satisfies

condition.

8- f(xg) is know
9- lim,._,,, f(x) is exist

10- f(xo) = limx—>x0 f(x)

s+x
Example:- Is f(x) =] «x ifx+0 Continuity at x = 0?
1 ifx=0
Solve:
1- f(0)=1

3
2- lim,_, f(x) =lim,_, (x—+x) =lim(x*+1) =1
x x—0
3- £(0) = lim,_ f(x)
Then the function is Continuityat x =0 .

X ifx<0
Example:- Is f(x) = { x4+ 2 i){x > 0 }Continuity atx = 0?

Solve:

1- f(0)=0
2- lim,_y+ f(x) =lim,_4+(x +2) =2 and

lim f(x) =lim(x) =0
x—0~ x—0~
Then the function is not Continuity at x = 0 ,since Limits is not

existatx=0.




H.W.

— 2 i —
Example:- Show that f(x) = {2; Z:); i _; } Continuity at x = —2
x3 if x=>-1

Example:- Show that f(x) = { }Continuity atx = -1

1-2x ifx<-1
Example:- Find a,b such that the function is continuity at x = 2

x>—ax+b if x> 2
avx+2+b ifx<2

Solve:

lim,_,+ f(x) =lim,_,+(x> —ax+b) =8 —2a + b and
lim f(x) = lim(avx+2+b)=2a+b
xX—27 xX—27
Since the function f(x) is continuity, then
lim f(x) =lim f(x) =8—-2a+b=2a+b
x—-2% x—>2~

— 4a =8

=a=2

and
8—-2a+b=3
= b=3-8+2a
=b=-5+4=-1

Hence a=2,b=-1




Lecture Six
Chapter Three
Derivatives

1- Derivative using the definition

The Derivative of the function y = f(x) is the function y' = f'(x) whose

value at each x is define by rule
y=fx)=y =fx)

dy . f(x+Ax)— f(x)
— — = lim
dx Ax-0 Ax

Definition: If y = f(x) is a continuous function, then we define the derivative

of function as a limit as

,dy  f(x+Ax) — f(x)
= — = lim
dx Ax-0 Ax

Example:- Find the derivative of the function y = x? by define.

Solve:
y = f(x) = x* and

f(x + Ax) = (x + Ax)? = x* + 2xAx + (Ax)? , then

,ody  fx+Ax) - f(x)
= — = lim
dx Ax-0 Ax




x4+ 2xAx + (Ax)? — x?
= lim
Ax—0 Ax

2xAx + (Ax)?

- Al:lcglo Ax
- Ax[2x + Ax]
= lim
Ax—0 Ax
= lim 2x + Ax
Ax—0
= 2x

2- The Rules for Derivative

d .
1-fy=a = d—i’ = 0, where a is constant.

d
Example:y =2 = Z-o.
dx
n dy n-1
2-lIfy=x"= o X , Where n any number.
_ d o _
Example: y = x 2 =>d—i= —2x7% 1 = —2x73,
n dy n—-1
3-fy=ax" = —==a-nx""".
dx
3 dy 1 14 4
Example:y=4iyx > —=4-—-x3 ~ = .
p y \/— dx 3 33,/x2
du dv

A dy _ du  dv
4- Ify—u(x)+v(x)=>dx—dx -

Example: y = 2x% + 8 — 5x* = 2 = 4x + 0 — 20x3 = 4x — 2023 .

5-If y = b[u(x)|" = % = b -nlux)]*? -%where b is constant.

Example: y = 3(2x% — x + 4)7 :%: 3-7(x2 —x+4)% (4x — 1)




). dy _ oy du
6-If y = u(x) v(x):dx—u(x) dx+v(x) dx

Example:y = (x%2 + 1)(x — 3)? = (x* + 1)[2(x — 3)] + (x — 3)?[2x]

fy = 1@ dy v(x)%—u(x)%
Y= T T T P
o x4 dy _ (3x*+2x)(2x)—(x*+1)-(6x+2)
Example:y = 3x2+2x dx [3x2+2x]2

_(6x* +4x?) —(6x° +2x* +6x+2)  2x* —6x—2
B 9x* + 12x3 + 4x? - 9x* 4+ 1243 + 4x?

3- The Derivative of trigonometric functions

1-y =sin(g(x)) = y' = cos(g(x)) - g'(x)

2-y = cos(g(x)) = y' = —sin(g(x)) - g'(x)

3-y =tan(g(x)) = ¥y =sec’*(g(x)) g'(x)

4-y = cot(g(x)) = y' = —csc?(g(x)) - g'(x)

5-y = sec(g(x)) = y' = sec(g(x)) tan(g(x)) - g'(x)
6-y = csc(g(x)) =y =— csc(g(x)) cot(g(x)) -g'(x)

Example:- Using the definition of the derivative of a function to find the

derivative of the functions

1- f'(x) = x3 + 2x

Solve:

oo fx+Ax) - f(x)
Fe = fim =
 (x+Ax)2 +2(x + Ax) — (a3 + 2x)
= lim
Ax—0 Ax




x3 4+ 3x%Ax + 3x(Ax)% + (Ax)3 + 2x + 2Ax — x3 — 2x

= lim
Ax—0 Ax

i 3x%Ax + 3x(Ax)? + (Ax)3 + 2Ax
= Axob Ax

1 Ax[3x?% + 3xAx + (Ax)? + 2]
= Axb Ax

= lim 3x% + 3xAx + (Ax)? + 2
Ax—0

=3x% +2
2-y=+x
Solve:
dy . f(x+Ax)—f(x)
— = lim
dx Ax-0 Ax
w/ (x + Ax) —x

AxﬁO

».! (,/(x +Ax) —Vx) (Y@ + Ax) + Vx)
" axn0 Ax (w/ (x + Ax) + \/E)

] (x+Ax) — x

= lim

Ax=0 Ay (w/ (x + Ax) + \/E)

Ax

= lim

Ax=0 A x (\/ (x + Ax) + \/_)

1
= lim

AxﬁO(VQ;fFZ}T4_VF) Zv;




Example:- Find the derivatives of the following functions.

1- f(x) =x"—x>+23-19 = f'(x) = 7x%+ 5x7% + 3x?

. _ 2 _ / _ X-2x 2 _ _2x2—1

2- g(x) =xvxt -1 = g(x)—2m+\/x =T
1 ’ -2 2

3-y=x+x—2 = y=1+x_3=1_x_3

4- The Derivative of Natural Logarithm functions

If y is function given by y =In(g(x)), where g(x) > 0, then the

derivative of y is

g' (%)
y=In(gx)) = y'=
g(x) 900
For Example:-
1
1-y=In(x) = y ==
b
2 =In(x*+2x) = o 2x+2
Y= Y =Xt 2x

_ecture Seven

5- The Derivative of Exponential functions

The function e9™ has the derivative given by
y = eg(x) = y' — eg(x) . g’(x)
For Example:-

1-y= ex’—x = y' = ex’ . 2x—1)




Example:- Find the derivatives of the following functions.

1- f(x) = sinx? + cot(x* — 1)

Solve:

f'(x) = 2x cos x* —4x3 csc?(x* — 1)

2- g(x) =+/esc(x?) — 1

Solve:
, —2x csc x% cot x?
g'(x) =
2\/csc(x?) — 1
_ —xcsc x2 cot x?2
Jese(x?) — 1
3-y=1n(2x — x7%)
Solve:
, 2+ 2x3
Yy = 2x — x~2
1
4- f(x) = ex
Solve:
df 1 -1

x .
dx x2




5- y = cos(e?¥)

Solve:
d
d_:c’ = —2e**sin(e?*)
6- y = (sec(2x) + tan(3x)) 2 H.W.
1+x
7- g(x) =1In /1—_x H.W.
8- h(x) = xIn(e°t¥) H.W.

6- The Derivative of y = a9 , where a > 0

If £(x) is a function given in the form y = f(x) = a9® , then the easiest
way to find the derivative y’ is by taking logarithms.
Iny =Ina9®
= Iny=g(x)Ina where Ina?®™ =g(x)Ina

= };’ =g'(x)Ina

= y =y-g'(x)Ina
= y' =a%9® . g'(x)Ina ,wherey = a9®

Thus,if y = a9® = y' =a9® . -g'(x)Ina .




Example:- Find the derivatives of the following functions.

1— f(x) = 2(x*-%) =  f'(x) =20"% (4x® -1)In2
2 —y = 7(sinx?) = y =76n%) 2xcosxZIn7

3\V* 1 V1 g 3
3-9(0=(5) = dw=() E=m6)

7- The Derivative of trigonometric reverse functions

d . 1
1——sin""'x = —
dx 1 — x?
d 1 -1
2——COS X = —
dx 1 — x2
1
3——tanlx =
dx an - x 1 + x2
-1
4——cotlx=
dxco . 1+ x2
d 1 1
5——sec ' x =——
dx xVxZ -1
d & -1
6 ——csCc tx=—
dx xvVx? —1

o Find &
Example:- Find o

1- If y = sin"1(2x?%) - __&

“ 1 (2x2)?




dy 2x+2

2-If y=tan 1(x% + 2x — _ o 2x+2
y ( ) dx 1+(x2+2x)2

ﬂ _ 2x+3—(-sin(x))

dx \/1—(x2+3x—cos(x))2

3-If y=sin"!(x? + 3x — cos(x)) =
4- If y = cos™1(x? + tan(2x)) H.W.

1

1—x2

Example:- If y = sin~1(x) , Prove that 2 =

Solve:
y=sin"1(x) = x =sin(y)
— 1=cos() 2
= cos(y B,
d 1
= Y =
dx cos(y)
dy 1
- =
dx /1 - sin2(y)
_ 1
1 — x?2
-1 dy -1
Example:- If y = cos™ " (x) , Prove that = = H.W.
dx 1-x2




Lecture Eight

8- The Derivative of Composite functions (Chain Rule)

If y is differentiable function of (1) and (u) is differentiable function of (x).

Then y is a differentiable function of (x).

That is
dy du
Y—f(u)ﬁa ) u—f(x):’E
dy dy du
dx du dx

Example:- Find %, wherey = x> +V/xandx = 3t> — 2t + 1

Solve:
dy dy dx
dt dx dt
dy ( 1
= — = 2x+—) 6t — 2
dt x ( )
Substitute

x=3t*—-2t+1

:%=(2(3t2—2t+1)+ )(6t—2)

2V3t2 —2t+1




Example:- Find %, wherex =2t+3andy=t* -1

Solve:
d
dy _dt
dx dx
dt
d 2t
N A,
dx 2
Substitute
t_x—3
2
dy x-3
— =
dx 2
9- Implicit Derivative
e Find 2 i v2 —
Example:- Find ol if y“=x
Solve:
yi=x
dy
= 2y—=1
ydx
dy 1
dx 2y

y'=x = y=4Jyx = y;=+Vx and y,=—VJx




Example:- If y = f(x) for y3 + xy + x> = 2. Find %

Solve:
dy dy
27 v 2x =
= 3y dx+xdx+y+ x=0
dy dy
2 "7 = _2x —
= 3y dx+xdx X—y

d
= (3y2+x)d—z= —2x—y

dy —-2x-—-y
- =
dx 3y%2+x

10-Higher Order Derivative

Definition: If y = f(x) is a continuous function, then the first derivative is
/_ﬂ_ ! . . . 11_@_ 17 th
y == f'(x) and the second order derivative is y'' = oz = f"(x).then

order derivative is

dn
Y = = = f1(x)

dxn




2
Example:- If y = 433 + 2x + 1, Find =2

dx?
Solve:
dy
= y =——=12x%+2
Y dx
d?y
= y'=—= =24x
Y dx?

11- Derivative with Physical Application

1- Velocity — denoted by v

2- Acceleration — denoted by a

3- Time — denoted by t
4- Distance — denoted by x
_dx _dv _ d’x
VT de ’ ©=at T ae

Example:- Find Velocity and Acceleration such that x = t3 + 3t2 +t + 1, at
t = 2.

Solve:

dx 5
>v=—=3t“+6t+1
dt

>v=12+12+1=25m/s att=2

dv
—=>a=—=6t+6
dt

= a=12+6=18m/s att =2




Lecture Nine

Chapter Four
Integration

If F(x) is a function whose derivative F'(X) = f(x) , then F(x) is called an

integration of f(x) , and we will write as.
f f(x)dx = F(x) + ¢ where c any constant

Note that the integration can be used to find Area, Volume, Velocity, ...
1- Properties of Integrals

Let f(x) and g(x) be integrable. Then,

1-— f cf(x)dx = cjf(x)dx, where c constant

2 - f (F()dx + g(x)dx) = j FOO)dx + j g(X)dx

un+1

n+1

3—fu"du= +c, wheren # -1

du
4—j—=ln|u|+c
u

u

In(a)

5—ja“du= +c, where a>0

6—je"du=e"+c




7 — j sin(x)dx = — cos(x) + ¢

8 f cos(x) dx = sin(x) + ¢

9 f tan(x) dx = In|sec(x)| + ¢
10 - j cot(x) dx = Inlsin(x)| + ¢
11— j sec(x) dx = Insec(x) + tan(x)| + ¢
12 j esc(x)dx = Injesc(x) — cot(x)] + ¢
13 — j sec?(x)dx = tan(x) + ¢
14 — j csc?(x)dx = —cot(x) + ¢
15 — j sec(x) tan(x) dx = sec(x) + ¢

16 — j csc(x) cot(x)dx = —csc(x) + ¢

17 dx .1 X N j —dx 41X N
— | ———=sin""—+4+_c¢ , ——=C0S —TC
Vaz — x2 a Vaz — x2 a

dx 1 41X —dx 1 . x
18 — =—tan""—+c , > > =—cot""—+c¢
a a-+ x a a




dx 1 41X —dx 1 x
19 — =—sec —+c , =—CSC —+¢
xVx2—a2 a a xVxt—a?2 a a

Example:- Evaluate

1—](x4+x‘3)dx=x——x—+c

5 7 4 6
X" — X X X
‘f xz x-—‘f(xf X ) X = 4 6 +C

dx
3—] dx =In|x+ 2|+
X+ 2

4 — j @210 gy — ler—w +c
2

3x—5

In3

5—f3x‘5dx= +c

1
6—]xex2dx=2ex2+c

4
7—](x+1)3dx=¥+c

8—fsec2(x+ 1)dx =tan(x+1) +c

9—_[(J|c3+2)2 dx HW.

1O—fx\/1—x2dx H W.




ex
11—jex_1dx H. W.

sin(vx)

ecture Ten

2- Integration by Partial fractions

To find the Integration of a function F(x) = % , Where f(x) and g(x)

are Polynomials. If the degree of f(x) is less than the degree of g(x),

then we need to factories g(x) into linear factors.

Example:- Evaluate the following integrals

1 f 5x+5 d
x2+3x—4x

Solve:

dx = d
213x-4" " ) a—Dx+a™

f 5x+5 5x+5

=j(xf1)dx+j(xi4)dx

Now, we will find A and B

5¢+5  5x+5
x24+3x—4 (x—1D(kx+4)

_ A B
_(x—1)+(x+4)




_A(x+4)+B(x-1)
(- D(x+4)

See that
5x+5=A(x+4)+B(x—1)
So to find A let
x=1=51)+5=41+4)=10=54A=>A4=2
Also to find B let

x=-4=5(-4)+5=B(—4-1) = -15=-5B = B = 3
f5x+5d_JAd+de
213 x—a7 T a0 ) ara™

zf(xi1)dx+jﬁdx

=2In|lx—1|+3In|x + 4| + ¢

1
2 janc(x2 + 1)2 g

Solve:

j dx _jAd +jBx+Cd N Dx + E p
x(x2+ 12 J x x 21 (x2 + 1)2 g

Now, we will find A, B, C, D and E




1 _AM* +1)2 + (Bx+ O (x* + Dx + (Dx + E)x
x(x2 +1)2 x(x% + 1)2

1=Ax*+1)?+ Bx+C)(x* + x+ (Dx + E)x
1=Ax*+2x*+1) + B(x* + x*)C(x3 + x) + (Dx* + Ex)
1=(A+B)x*+Cx*+(2A+B+D)x*+(C+E)x+ A
If we equate coefficients, we get

A+B=0, C=0,2A+B+D=0, C+E=0, A=1

Then
A=1, B=-1, C=0 , D=-1 and E=0
j dx _fAd +jBx+Cd N Dx+Ed
x(x2+1)2  J x o 21 (x2 + 1)2 g

—jld +j _x¢i+j‘ 2 d
— X 2 +1" (x2 + 1)2 .

<[ [ e [
—Jx 21" (x2+1)2x

1
=1 ——In(x*+1)+———+C
n|x| 2n(J|c+ )+2(x2+1)+
In|x| —1 24+1+ ! +C
=In|x| —Invx —_—
2(x2+1)

| x| 1

=1In + +
Va2 1 2(x%2+1)

C




1
3—jx2_1dx H. W.

Lecture Eleven

3- Integration by Parts

The formula
fudvzuv—fvdu

w=uv=dw=u-dv+v-du=u-dv =dw—vdu

judvzfdw—fvduzw—Jvdu

fudv=u-v—fvdu where w= u-v

Consider

Example:- Evaluate the following integrals

1—flnxdx

jlnxdx=u-v—jvdu

dx

u=Inx = du =—

X

dv = dx = V=X
1

lnxdx:xlnx—jx—dx

X
=xlnx—jdx

=xIlnx—x+c




2 — j tan 1 xdx

Solve:

ftan_lxdx=u-v—fvdu

1 dx
u=tan x =—= du = >
1+x

dv=dx = V=X

1 1 xdx
tan” " xdx =xtan " x — 5
1+x

1
= xtan_lx—iln(l +x2)+c

3 —fexsinxdx

Solve:
fexsinxdx=u-v—jvdu
u=e* = du = e*dx
dv =sinxdx = V=—COSX
jexsinxdx =—excosx+jexcosxdx
And
fexcosxdx=u-v—jvdu
u=e* = du = e*dx

dv=cosxdx = v =sinx




fexcosxdxz exsinx—fexsinxdx

Then
fexsinxdx =—excosx+fexcosxdx
je"sinxdx =—excosx+exsinx—fexsinxdx
Zjexsinxdx = —e*cosx +e*sinx
X o1 1 X '
e*sinxdx =Ee (sinx — cos x)
4—fxe"dx HW.

4- Definite Integrals

The quantity

b
| reoax

Is called the Definite Integral of f(x) from a to b. The numbers a and b

are known as the lower and upper limits of the integral.

To see how to evaluate a definite integral consider the following

example.




Example:- Find

4
1-— j x*dx
1
Solve:
4
f x?dx = x + c]
3
1 1
x3 *
3 + c| = (evaluate at upper limit) — (evaluate at lower limit)
1
< 11 (@? (1)3
(e (80
1
64 1
=3 +c— 3 c
64 1
=3 +3=21
LU
2
2 — f cosxdx
0
Solve:
z 3
j cosxdx = |sin x]
0 0

n
2

T
[sin x] = sin (E) —sin(0)=1-0=1
0




1
4—jezxdx
0

Lecture Twelve

5- Some Properties of Definite Integral

Ifa<x<b,then

b b
| reodx = k| = F®) - F@




1—be(x)dx: —ff(x)dx
a b

b c b

2—jf(x)dx= ff(x)dx+ff(x)dx where c € [a, b]

a a Cc

b b

3 —jcf(x)dx = cjf(x)dx

a

b b b
4- j [F (%) + g(0)]dx = f FOOdx + f g(x)dx

6- Application on Integral

1- Area under the Graph

We have the law

b
A= f £ dx

A = Area

y=f(x)

X=a x=b




Example:- Find the Area bounded by y = x3 fromx = —2tox = 2

Solve:

2 0
A= | f(x)dx + f(x)dx
reoss=|]

2 0
= jx3dx+ jx?’dx
0 2
-+ 5]
4, 4],
=44+4=2

Example:- Find the Area bounded by y = cosx fromx = 0to x = g

Solve:

A= | cosxdx

SR — NI

n
2
= |sinx
0

- n - O 1
=sin- —sin0 =
2

Example:- Find the Area bounded by y = %xz fromx=1tox =3

H.W.




2- Area between tow carvers

We have the law

b
A=jU@ﬂ—f@ﬁMx

Example:- Find the Area bounded between the carve y = x? and the line

y=x+2

Solve:
x+2=x2=x2-x-2=0
= x-2)x+1)=0

= x=2 or x=-1

We have the tow points (2.4),(—1,1)
2

2
A= _Jl[(x+ 2) — x?*]dx = _jl(x+2 — x%)dx

2

NS #P (@) @)%\ (1 (-1)?
—[7'*’2)’,'—?]_1—(74‘2(2)—7)—( 2 +2(—1)— 3 )




3- Volumes

We have law

Example:- Find the Volume generated by rotating the bounded area by

y = x? and the line x = 4 about x-axis

Solve:
b b
V= jA(x)dx = jnyzdx
a a
4 4
= jnx“dx = njx“dx
0 0
4

xsl (4)° 1024
T|—| =mM—=m——
0

5 5 5




